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• Tsai and Pagano (1967)*:

– Invariants to describe stiffness transformation
equations for ply rotation

• Invariants are not affected by ply orientation

– Material property

– Possibility for testing laminates (instead of ply)

• Reduced number of tests: cheaper and faster

– Improve optimization
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MOTIVATION

*S.W. Tsai, N.J. Pagano. “Invariant Properties of Composite Materials”. In:
Composite Materials Workshop, S.W. Tsai, J.C. Halpin and N.J. Pagano (Editors),
St. Louis, Missouri, 1967, Technomic Publishing Company, 1968, p. 233-253.



where: Qxx, Qyy, Qss and Q11, Q22, Q66 are the on-axis and off-axis plane stress
stiffness components, respectively
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INVARIANT - TRACE
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• components of [A*] are not dependent on stacking sequence

• components of [D*] are dependent on stacking sequence

– both have the same trace (invariant to stacking sequence)

• Trace is independent of the loading condition (in-plane versus flexural)
and stacking sequence (mid-plane symmetric versus asymmetric)
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TRACE
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Unidirectional ply and in-plane
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Tr [Q] = Tr [A*] = Tr [D*]
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MASTER PLY
Trace normalized plane stress stiffness components for various CFRP

Thus, CFRPs have universal trace normalized stiffness constants
Trace is the only material property needed to define ply stiffness
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UNIT CIRCLE
Last-ply failure envelopes

a) Tsai-Wu LPF envelopes for T700/2510

Ref. Tsai SW and Melo JDD. A unit circle failure criterion for carbon fiber reinforced polymer
composites. Composites Science and Technology 123 (2016) 71-78.

b) Omni strain LPF envelope for T700/2510
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Omni strain LPF envelopes for two CFRPs based on Tsai-Wu (solid line) and
maximum strain (dashed line)

a) IM7/977-3 b) T700/2510

Ref. Tsai SW and Melo JDD. A unit circle failure criterion for carbon fiber reinforced polymer
composites. Composites Science and Technology 123 (2016) 71-78.

UNIT CIRCLE

Same Anchor Points
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composites. Composites Science and Technology 123 (2016) 71-78.

UNIT CIRCLE
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Biaxial failure stress for [0/±45/90]s AS4/3501-6 laminate
Experimental data (WWFE) and unit circle failure envelope

Ref. Tsai SW and Melo JDD. A unit circle failure criterion for carbon fiber reinforced polymer
composites. Composites Science and Technology 123 (2016) 71-78.

UNIT CIRCLE

1st Quadrant:
Tension-Tension

4th Quadrant:
Tension-Compression

3rd Quadrant:
Compression-
Compression
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TESTING WITH TRACE & UNIT CIRCLE

Ref.: S.E. Cregger, Breaking the development cost curve by using analysis, JEC Europe, Paris, 2015

Analysis validation

Design-value
development

Material property
evaluation

Component
tests

Sub-component tests

Structural elements tests

Allowable development

Material specification development

Material screening and selection

Full-
scale
tests

Large number

of specimens



DESIGN AND TESTING

Elastic constants for master ply:

Material Ex* Ey* νx Es*

Master Ply 0.8796 0.0522 0.3181 0.0313

12

MASTER PLY



UD Coupons

Laminates
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TESTING WITH TRACE

1
�

1
�

�

- Once trace is determined, the other elastic parameters are
determined based on master ply properties

- The [0] UD coupon is easy to make and quality is usually
high because there are no off-axis plies

- Laminates will produce “as-built” properties



UD Coupons

Determine strains-to-failure under tension and
compression (only two types of test)
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TESTING FOR UNIT CIRCLE

- Same specimen used for the determination of trace
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DESIGNING W/ TRACE & UNIT CIRCLE
Traditional Design Approach
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Ref. Melo JDD, Bi J and Tsai SW. A novel invariant-based design approach to carbon fiber
reinforced laminates. Composite Structures 159 (2017) 44–52.

Applied load or
displacement

Trace-based Design Approach

Master ply properties
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TRACE
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Longitudinal stiffness of unidirectional ply and five laminates for
15 carbon/polymer materials
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DESIGNING WITH TRACE

Problem needs to be solved only once for each laminate

UD Angle-ply Angle-ply (hard) Angle-ply (hard) QIQI (hard)
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DESIGNING WITH TRACE

0.00#

0.25#

0.50#

0.75#

1.00#

120# 160# 200# 240#

E*
#

Trace#(GPa)#

0.00#

0.25#

0.50#

0.75#

1.00#

120# 160# 200# 240#
E*

#
Trace#(GPa)#

E1* = 0.880

E2* = 0.052 E6* = 0.031

E1* = 0.764

E2* = 0.053 E6* = 0.066

[0] [±12.5]

Laminates for 15 carbon/polymer materials

Unidirectional Angle-ply



19

DESIGNING WITH TRACE
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DESIGNING WITH TRACE
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DESIGNING WITH TRACE
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Open-Hole: FEA analysis (Abaqus®)

Contour plot of failure index (k) for AS4/H3501 [0/±45/90]2S

Load {0.25, 0.0, 0.0}

DESIGNING W/ TRACE & UNIT CIRCLE

Ref. Melo JDD, Bi J and Tsai SW. A novel invariant-based design approach to carbon fiber
reinforced laminates. Composite Structures 159 (2017) 44–52.
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Open-Hole: FEA analysis (Abaqus®)
Failure indices (k) based on Unit Circle (U-C) and Tsai-Wu (T-W) failure criteria
for open hole CFRP laminates under various load cases from FEA analyses

DESIGNING W/ TRACE & UNIT CIRCLE

Ref. Melo JDD, Bi J and Tsai SW. A novel invariant-based design approach to carbon fiber
reinforced laminates. Composite Structures 159 (2017) 44–52.

Hard Soft

In general, a larger failure index is obtained for U-C as compared to T-W

Soft



Design for stiffness can be carried out using master
ply properties: Material properties are added later

Design for stiffness can be carried out using master
ply properties: Material properties are added later

• Failure analyses of open hole CFRP laminates indicated
that the unit circle is more conservative than Tsai-Wu

 Testing for trace and unit circle require fewer
properties to be measured

 Trace is the only material property needed as the
scaling factor for the determination of strains

 The optimized solution using master ply applies to
laminates made of any UD CFRP

• Trace and unit circle failure criterion can greatly simplify
design and testing of CFRP laminates

• Failure analyses of open hole CFRP laminates indicated
that the unit circle is more conservative than Tsai-Wu

 Testing for trace and unit circle require fewer
properties to be measured

 Trace is the only material property needed as the
scaling factor for the determination of strains

 The optimized solution using master ply applies to
laminates made of any UD CFRP

• Trace and unit circle failure criterion can greatly simplify
design and testing of CFRP laminates
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CONCLUSIONS
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jdddmelo@gmail.com
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